We interpret the recently found pointlike Hopf defects (in the Laplacian Abelian gauge) as seeds for monopole loops: We show that these defects can be obtained in a fictitious process of shrinking a twisted monopole loop. On the other hand, twisted monopole loops naturally appear when perturbing the background configuration slightly away from the spherically symmetric instanton. We propose this mechanism as the starting point of monopole percolation.
Introduction
Topological objects are prominent examples of non-perturbative effects in quantum field theories. For Yang-Mills theories these are instantons, magnetic monopoles (and center vortices), respectively. While the first are intimately connected to the gauge invariant topological density and responsible for chiral symmetry breaking [1] , the others are visible only after an Abelian (center) gauge fixing [2, 3, 4] , and supposed to be responsible for confinement. Since both physical effects take place at the same critical temperature [5] , the relation between instantons and monopoles is an interesting and still open question.
It is known that a static 't Hooft-Polyakov monopole can be built out of an array of instantons placed along the time axis 1 [7] . On the other hand, instantons may be thought of as built from monopoles: every configuration with non-trivial instanton number on the four-sphere gives rise to defects in any 'auxiliary Higgs field' describing an Abelian gauge [8] . In the Polyakov gauge these defects have been shown to be static monopoles [9] .
Recently the authors of [10] have shown that a 't Hooft instanton in the Laplacian Abelian gauge (LAG) produces a pointlike defect. It is described by the Hopf invariant π 3 (S 2 ). From the point of view of monopole kinematics this defect might be a 'monopole loop with vanishing radius'. In this letter we will show that this picture is correct.
Shrinking a monopole loop
Based on the results of [8] , we now give an example how a Hopf defect can be obtained in a fictitious process by shrinking a twisted monopole loop. We consider a Higgs field in the adjoint representation of SU(2), φ = φ a σ a /2 which defines a unit vector n,
and take the polar angles α and β as given by [11, 8] ,
where we have used the following coordinates on Ê
[12]:
x = (r 12 cos ϕ 12 , r 12 sin ϕ 12 , r 34 cos ϕ 34 , r 34 sin ϕ 34 ), r 12 = r cos ϑ, r 34 = r sin ϑ.
This field is singular on the circle r 34 = 0, r 12 = R due to the occurence of ϑ − in (2). It is diagonalised by the gauge transformation Ω, (2) and (15)) and the Hopf map around the origin (right, cf. (11)). In both cases the remaining polar angle is α = ϕ 12 − ϕ 34 .
which is singular at some sheet spanned by that circle depending on the choice of the residual U(1)-freedom in γ. We prefer
then Ω is singular on the disc r 34 = 0, r 12 ≤ R. These singularities are reflected in the facts that after diagonalisation of n there is a unit charge Dirac monopole on this circle with its Dirac strings filling the disc. Observe that the Abelian part of the inhomogeneous term of the gauge field is,
from which one can easily compute the field strength and monopole current, respectively,
Furthermore the monopole is 'twisted' [13] once, since the Higgs field n rotates once around the third axis in isospace while moving along the loop in the x 1 x 2 -plane. Let us summarise how the properties of n translate into properties of β and α (cf. (2)): The monopole loop occurs because β jumps in the x 1 x 2 -plane where α and γ are singular together with ϕ 34 . The twist occurs because α is also proportional to the coordinate ϕ 12 along the monopole loop. The resulting Hopf invariant of n on an S 3 surrounding the monopole loop is one [8] ,
Hopf invariant(n) = magnetic charge × twist = 1 × 1 = 1.
This is essential for the following statement (cf. Fig. 1 ): if we shrink the monopole loop to the origin, the Higgs field n (becomes singular there and) is just the Hopf map [15, 16, 17] on every sphere around the origin,
n H is the prototype of a map S 3 → S 2 having Hopf invariant one 2 . Notice that the Dirac sheet degenerates to the origin, too.
Unshrinking a Hopf defect
Now we will argue that there is a physical situation where the inverse process takes place: In the LAG a perturbation of the single instanton creates a twisted monopole loop from a Hopf defect. The Higgs field of the LAG is defined as the lowest eigenvector of the covariant Laplacian in the background of A,
Defects occur when φ vanishes and n = φ/|φ| is singular. In the background of a 't Hooft instanton the ground state has the form φ = r 2 n H near the origin [10] , where a pointlike Hopf defect is located. We conjecture that this behaviour is not a feature of the particular Abelian gauge chosen, but rather a matter of symmetry. The 't Hooft instanton is spherically symmetric (in a proper definition involving gauge transformations), such that any Abelian gauge which does not break the rotational symmetry SO(4) enforces the Higgs field to be spherically symmetric as well. Monopole loops would break this symmetry, while pointlike defects (as well as S 3 defect manifolds) do not. Let us now slightly perturb the 't Hooft instanton, A = A inst +λδA, with perturbation parameter λ. One can perform the usual Schrödinger perturbation theory to get the change of the groundstate, φ = φ inst + λδφ, only if one has access to all eigenvalues and eigenfunctions of −D 2 [A inst ]. These are not known analytically. But if perturbation theory is valid, the size of the defect manifold (i.e. the size of the expected monopole loop) is small. Therefore we can restrict ourselves to the vicinity of the origin. There we can Taylor expand δφ and for our purposes even the lowest order approximation is sufficient.
3 Thus, the Higgs field of a generic A close to the instanton (in orbit space) and near the origin (in coordinate space) is,
where we have parametrised δφ with spherical coordinates (r λ , ϑ λ , ϕ λ ) in isospace. The zeros of this new Higgs field can easily be obtained to lie at r = √ λr λ , ϑ = ϑ λ /2, ϕ 12 − ϕ 34 = ϕ λ . Three of the four coordinates (r, ϑ, ϕ 12 − ϕ 34 , ϕ 12 + ϕ 34 ) are fixed and we are left with a loop parametrised by ϕ 12 + ϕ 34 . Its size r λ scales with the perturbation parameter λ. The perturbation has 'unshrunk' the defect manifold to a loop, thereby breaking the spherical symmetry. Such a picture was conjectured in [11] for the maximally Abelian gauge 4 . Notice that the deformed Higgs field φ is now on a different orbit, since we changed its zeros which are gauge invariant.
To see that this loop contains a unit charge monopole with unit twist let us specify to the case which comes closest to the example of Section 2, namely δφ = (0, 0, const) ⊤ , i.e. ϑ λ = 0. Obviously the monopole loop is located at r 12 = √ λr λ in the x 1 x 2 -plane. Computing α and β for the new field n one gets α = ϕ 12 − ϕ 34 , β = arctan 2r 12 r 34 r 
which exactly agrees with (2) when R 2 = λr λ using elementary trigonometry.
Conclusions
We have found (in a particular Abelian gauge) that although a spherically symmetric instanton is related to a pointlike defect, a generic perturbation induces a monopole loop with unit charge and twist. This implies that for isolated, highly symmetric instantons the monopole loops are very small. Such small loops could be missed in lattice simulations of the Abelian and monopole string tension. Since isolated instantons are not sufficient for confinement, the defects induced by them cannot be the whole story. Bringing more instantons and anti-instantons close to each other, the monopole loop starts to spread [11, 18] . Percolation is achieved when there are monopole loops extending over the whole space-time. Further analytic approaches are necessary to better understand this mechanism.
